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A B S T R A C T   

The application of floating wind turbines is limited by the high cost that increases with the water 
depth. Offshore installation and maintenance continue to consume a high percentage of the 
project budget. To improve the installation efficiency of the floating offshore wind turbine, a 
novel concept is proposed by the SFI MOVE project. Several wind turbine superstructure com
ponents are preassembled onshore and carried to the installation site by a catamaran construction 
vessel. Each assembly can then be installed using only one lift, and the concept is less sensitive to 
weather conditions. In this paper, a control algorithm of the proposed hydraulic active heave 
compensator system is developed using singular perturbation theory to cancel the relative motion 
between the spar top and gripped preassembly bottom. Closed-loop stability is proven, and the 
simulation results show that the installation efficiency is improved with an increase in the 
acceptable weather conditions.   

1. Introduction 

The wind energy market has grown steadily in recent decades, and the trend is expected to continue in the future. The price and 
stability of wind power are gradually improving. Offshore wind power technology is increasingly matured because of the advanced 
design and intelligent control algorithms. Compared to onshore wind energy, offshore wind power is more competitive in the energy 
market due to its better electric power quality. However, the price of offshore wind energy is still several times higher than that of the 
onshore wind energy, though the gap is filled by continuous research, more qualified technology, and better state-of-the-art solutions. 
The costly support foundations and high expense of offshore installation and maintenance account for the high price of offshore wind 
turbines (OWTs) [1]. The installation and maintenance costs will rise considering the foreseen growth of the floating OWTs in the 
deep-water applications [2–5]. 

There are several OWT installation strategies according to the level of onshore preassembly [6]. For example, the single blade 
installation approach requires the shortest offshore transportation time and is suitable for large-scale OWTs. To enhance the 
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installation efficiency, a number of studies on single blade installation have been conducted, e.g., minimization of installation cost and 
time [7,8], installation criteria [9,10], impact analysis [11], optimal scheduling [12], lifting operation [13], mating operation [14], 
and real-time hub motion estimation [15]. The motion and position monitoring system developed by Tian et al. [16] for offshore 
structure installation has been demonstrated with centimeter-level accurcy in field operation, which can be used to effectively improve 
the installation efficiency of OWTs. A higher level of onshore integration demands shorter offshore installation time, such as the 
bunny-ear configuration. A novel OWT installation concept proposed by the SFI MOVE project1 allows a more efficient installation of 
floating OWT by using a catamaran installation vessel [17,18]. The system performance is improved by introducing automatic control; 
e.g., a roll-reduction system is studied in Ref. [19]. The mating scenario proposed is similar to the mating process between a suspended 
wind turbine blade and hub studied in Refs. [18,20]. The studies based on landing forces show that the guide pins would deform and 
even damage if the impact velocity between the blade root center and hub center exceeds a speed limitation. Allowable impact ve
locities are obtained through finite element analysis, for example, 0.76 m/s for sideways impact and 1.35 m/s for head-on impact [20]. 
Similarly, the critical relative velocities between the preassembly and spar foundation in a mating operation can be found through 
finite element analysis or simplified analysis given contact stiffnesses of the spar top and the tower bottom 18. 

Automatic control and onboard decision support algorithms have been applied in a variety of marine systems to enhance opera
tional efficiency and safety, for example, onboard sea state estimation [21], trajectory planning [22], and model identification [23]. 
Heave compensation systems are widely used in the offshore operations, which are categorized into passive schemes and active 
schemes according to the existence of control inputs [24]. Allowing operations in higher sea states, an active hydraulic heave 
compensator (AHC) compensates the effects of wave-induced vessel heave motions using feedback control [25,26]. 

Industrial hydraulic systems are widely used mainly due to their attractive characteristics, i.e., high power to weight ratio, high 
stiffness, simple structure, economical benefits, etc. [27] The dynamic responses of the catamaran-spar system and installation criteria 
are studied in Ref. [18]. The preliminary results of a simple AHC are presented in Ref. [28] with an emphasis on the system dynamics. 
This paper extends [28] with an emphasis on the control design. A control algorithm of the proposed hydraulic AHC system is 
developed using singular perturbation theory. This allows a simpler control law to be derived, with necessary stability properties 
(global exponential stability), as opposed to using e.g. backstepping or feedback linearization - which would typically result in complex 
control algorithms with many feedback cancellation terms [29,30]. Besides, the trajectory planning module is improved to accomplish 
smooth lifting and lowering operations. Numerical verification is conducted on a high-fidelity model. 

This paper is organized as follows. Section 2 briefly addresses the system and the modeling process. A simplified one-dimensional 
model is presented to design the controller. In Section 3, the trajectory planning system and feedback control system are developed. 
The pole placement technique and singular perturbation theory are adopted to design the controller and prove the system stability. In 
Section 4, the proposed control system is verified by numerical simulations. Section 5 summarizes the results of the paper. 

1.1. Preliminary 

Before going into details, a lemma is introduced. 

Lemma 1. (Theorem 11.3 in [31]). 
Consider the singularly perturbed system 

ẋ= f (x, z), f (0, 0) = 0, (1a)  

εż= g(x, z), g(0, 0) = 0, (1b)  

where f and g are locally Lipschitz in a domain that contains the origin (x,z) = (0,0). Let z = ρ(x) be the isolated root of g(x, z) = 0 and 
suppose ρ(0) = 0. Define y := z − ρ(z) and assume there are Lyapunov functions V(x) and W(x, y) that satisfy:  

1. ∂V
∂x f(x,ρ(x)) ≤ − α1ψ2

1(x), ∀x ∈ Dx  

2. ∂W
∂y g(x,y + ρ(x)) ≤ − α2ψ2

2(y), ∀(x,y) ∈ Dx × Dy  

3. W1(y) ≤ W(x,y) ≤ W2(y), ∀(x,y) ∈ Dx × Dy  

4. ∂V
∂x [f(x,y + ρ(x)) − f(x,ρ(x))] ≤ β1ψ1(x)ψ2(y)

5. 
[

∂W
∂x − ∂W

∂y
∂ρ
∂x

]

f(x,y + ρ(x)) ≤ β2ψ1(x)ψ2(y)+ γψ2
2(y), 

where domain Dx⊂Rn contains x = 0, domain Dy⊂Rm contains y = 0, and the constants α1, α2, β1, β2, and γ are nonnegative. Functions ψ1(x)
and ψ2(y) are positive definite, i.e., ψ1(0) = 0, ψ1(x) > 0, ∀x ∈ Dx/{0}, and ψ2(0) = 0, ψ2(y) > 0, ∀y ∈ Dy/{0}. The origin of (1) is 
asymptotically stable for all 0 < ε < ε∗, where ε∗ := α1α2

α1γ+β1β2
. 

If V(x) is quadratic in x, W1(y) and W2(y) are quadratic in y, and ψ1(x) = |x| and ψ2(y) = |y|, then the origin is exponentially stable. 

1 https://www.ntnu.edu/move. 
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If conditions (1) through (5) hold ∀(x,y) ∈ Rn × Rm, then the stability is global. 

2. Problem formulation 

2.1. System description 

The tower, nacelle, hub, and rotor have been fabricated and assembled onshore. The floating foundation has been installed. 
Hereafter, a spar foundation moored by several mooring lines is taken as an example. The system is illustrated in Fig. 1. After carrying 
the preassembled superstructure to the installation site by a catamaran, the mating operation starts. The horizontal positions and yaw 
orientation of the installation vessel are stabilized by the dynamic positioning (DP) system using a PID controller. The target is to place 
the upper structure onto the spar. 

The superstructure is first lifted from the deck and transported to the aft. A hydraulic variable-displacement-controlled cylinder is 
adopted to compensate for the relative motion between the tower bottom and spar top. The preassembled wind turbine structure is 
rigidly gripped by the hydraulic device fixed at the aft of the catamaran and moves with the vessel. The following procedure is to 
execute the mating operation until the relative motion between the spar top and tower bottom satisfy the predefined criteria. The 
standard deviations (STDs) of the relative motions, including both relative displacement and velocity, are selected to evaluate the 
relative motion. Their critical values can be calculated through finite element analysis. The relative velocity is essential to the mating 
operation. In case of damaging the structures, the relative velocity should be bounded in a small safe range. Then, the preassembled 
structure is lowered to the spar foundation. The tower bottom is bolted and then released. The advantages of the proposed installation 
strategy ensure a higher efficiency and a shorter offshore operation period. 

Since the gripper device constrains the horizontal relative motion between the spar top and tower bottom, the vertical head-on 
motion is crucial to the operation. Furthermore, decreasing relative motion improves operational safety and success. Hence, the 
expectation is to make the relative motion between the tower bottom and spar top as small as possible. 

2.2. System modeling 

A free-body diagram of the proposed system is shown in Fig. 2. Three right-hand reference frames are adopted, i.e., the local north- 
east-down (NED) coordinate system {n}, which is assumed to be inertial, the vessel body-fixed reference frame {b}, and the spar body- 
fixed reference frame {s}. In the NED coordinate system, the xn-, yn-, and zn-axes point to the north, to the east, and downward, 
respectively, with an origin placed at the free water surface. In the body-fixed reference frames {b} and {s}, the origin points are 
located at the vessel’s and spar’s center of gravity (COG), respectively. Consistent with the general definition, the xb- and yb-axes are 
directed to the bow and starboard, respectively. For the spar foundation, the xs- and ys-axes are not of importance due to the axial 
symmetry around the longitudinal zs-axis. The vessel orientations about the xn-, yn-, and zn-axes are roll (φ), pitch (θ), and yaw (ψ), 
respectively. 

2.2.1. Catamaran installation vessel and spar foundation 
Unlike the decoupled simulations in [28], the simulation-verification model (SVM) adopted in this paper is a fully coupled model 

developed in the MATLAB/Simulink environment. In detail, the spar foundation and installation vessel are simulated as 6-degree-of-
freedom (DOF) rigid bodies with force transfer functions calculated by ShipX using strip theory. The hydrodynamic interaction be
tween the spar and vessel is ignored in this study, since the influence on the hydrodynamic loads is quite limited and the focus of this 
paper is on control design. Both floating structures are exposed to complex environments, including waves, current, and wind. The spar 
is moored by three mooring lines, which are simulated with the finite element method (FEM) models [32,33]. Current influences the 
relative inflow velocity at the spar and mooring lines. The current velocities at specific heights are calculated by interpolating the 
defined current profile from the free sea surface to the seafloor. The vessel is only influenced by the surface current. A sliding gripper 

Fig. 1. Illustration of the proposed installation system: (a) overview; (b) close view.  
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holds the spar foundation passively. The gripper is modeled as a pair of frictionless rings, i.e., planar springs fixed on the vessel in {b}. 
The springs provide restoring forces at the interconnection points between the spar and the rings on the xb- and yb-axes. The block 
diagram is shown in Fig. 3. Since the spar can still rotate when only one planar spring is employed, at least two planar springs are 
necessary to restrain the spar from rotating. 

We assume that the preassembled structure is rigidly fixed on the vessel in {b}. The position of the tower bottom in {n}, pb ∈ R3, is 
given by 

pb = pv + R(Φ)
(
pb

h + dh
)
, (2)  

where pv ∈ R3 stands for the position of the catamaran COG in the local coordinate frame {n}, R(Φ) ∈ R3×3 denotes the rotation matrix 
from the body-fixed to the NED reference frame with respect to the Euler angle vector Φ = [φ, θ, ψ]⊤, pb

h ∈ R3 is the position of the 
hydraulic lifting device in {b}, and dh = [0, 0, − h]⊤ ∈ R3, where h > 0 refers to the moving distance of the lifting mechanism. 

The velocity of the tower bottom in {n}, vb ∈ R3, is given by the time derivative of (2), i.e., 

vb = vv +R(Φ)S(ωv)
(
pb

h + dh
)
+ R(Φ)vh, (3)  

where vv ∈ R3 is the velocity of the catamaran COG in {n}, S(ωv) ∈ R3×3 is a skew-symmetric matrix used to present the cross product, 

Fig. 2. Free-body diagram of the hydraulic active heave compensation system.  

Fig. 3. Block diagram of the system.  

(
MRB,v + MA,v

)
ν̇ +

(
CRB,v + CA,v(ν)

)
ν +

(
Dv + Dn,v(ν)

)
v + gv(η)

= τwave1,v + τwave2,v + τwind,v + τthruster,v +
∑

i=1
τgv,i + τh,

(4)   
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ωv ∈ R3 is the angular velocity vector, and vh = [0,0, − ḣ]⊤ ∈ R3. 
The models of the catamaran vessel and spar foundation are similar, given by   

(
MRB,s + MA,s

)
ν̇s +

(
CRB,s + CA,s(νs)

)
νs +

(
Ds + Dn,s(νs)

)
vs + gs(ηs)

= τwave1,s + τwave2,s + τwind,s + τthruster,s +
∑

i=1
τgs,i,

(5)  

where η = col(pv,Φ) ∈ R6 and ηs = col(ps,Φs) ∈ R6 are the position and orientations of the vessel and spar foundation, Φs ∈ R3 is the 
Euler angle vector of the spar foundation, ν ∈ R6 and νs ∈ R6 are the translational and rotational velocity of the vessel and spar 
foundation, MRB ∈ R6×6 and MA ∈ R6×6 are system inertia matrices of the rigid body and added mass, CRB ∈ R6×6 and CA(ν) ∈ R6×6 are 
the Coriolis and centripetal matrices of the rigid body and added mass, D ∈ R6×6 and Dn ∈ R6×6 are linear and nonlinear damping 
matrices, gv ∈ R6 and gs ∈ R6 are the restoring force and moment due to the buoyancy and gravity, τgv ∈ R6 and τgs ∈ R6 are the 
restoring force and torque acting on the vessel and spar, and τwave1, τwave2, τwind, τthruster, and τh, each in R6, are the vectors of forces and 
moments arising from first-order wave loads, second-order wave loads, wind loads, thruster loads, and hydraulic system, respectively. 

The spar is rigidly fixed by the gripper in the body-fixed horizontal xb-yb plane at the interconnection points. The diagram of the 
gripper is presented in Fig. 4. The position of the gripper on the vessel is rigidly fixed at the aft. Due to the wave-induced heave loads, 
the spar foundation moves up and down in the zb-direction. The relative motion between the spar foundation and assembly only exists 
in the vessel body-fixed zb-axis. 

The restoring force from the ith gripper ring acting on the vessel in {n} fgv,1 ∈ R3, is given by 

fgv,i = kg
(
pgs,i − pgv,i

)
, i= 1, 2, (6)  

where kg ∈ R is the stiffness of the gripper, pgv ∈ R3 denotes the position of the gripper center, and pgs ∈ R3 is the position of the 
interconnecting point on the spar longitude axis at the same height of the gripper center. Hence, the restoring force and torque acting 
on the vessel and spar in {b} and {s} are, respectively, given by 

τgv,i =

[ R⊤(Φ)fgv,i

S
(

pb
gv,i

)
R⊤(Φ)fgv,i

]

​ and ​ τgs,i =

[
− R⊤(Φs)fgv,i

S
(

ps
gs,i

)
R⊤(Φs)fgs,i

]

, (7)  

where pb
gv ∈ R3 and ps

gs ∈ R3 are the distance vector from the interconnection point to the vessel and spar COG in {b} and {s}, 
respectively. 

Due to the large mass of the preassembly structure, the reacting forces and torques to the catamaran are not negligible and are given 
by 

τh =

[
f b
hv

S
(
pb

h

)
f b
hv

]

, (8)  

where fb
hv = [0,0, Fh]

⊤
∈ R3 and Fh is the reacting force from the hydraulic system acting on the vessel. 

2.2.2. Active heave compensator 
The spar foundation can only move in the zb-direction due to the sliding gripper. Therefore, the proposed control problem is 

reduced to a one-dimensional system. A simplified variable-displacement controlled cylinder model is proposed in Ref. [34]. The 
model is simplified by assuming a constant density and an effective bulk modulus of the hydraulic fluid, as well as the neglected 

Fig. 4. Diagram of the sling gripper at the interconnection height.  
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influence from the pipelines. The rotation speed of the motor is assumed constant. The load pressure P is defined as 

P=

{
P1 − Pr, if ​ P1 > Pr ,

Pr − P2, if ​ P2 > Pr ,
(9)  

where Pr denotes the constant return pressure, and P1 and P2 are the pressures on the two chambers of the cylinder. 
The state-space model of the one-degree variable-displacement-controlled cylinder system on the zb-axis is 

ḣ= v, (10a)  

v̇=
1
m
( − dv+PA+Fext), (10b)  

Vh

β
Ṗ= − Aḣ − clP + u, (10c)  

where h is the moving distance of the lifting mechanism, v is the rate of change of the lifting mechanism, the input signal u is the 
product of the principal axis rotating speed of the pump and pump displacement, which is proportional to the input voltage, β is the 
bulk modulus of the hydraulic fluid, A is the area of the cylinder, cl is the fluid leakage coefficient assumed constant, d is the coefficient 
of friction, and Vh is the effective volume of the cylinder, i.e., Vh = Vh0 + Ah where Vh0 is the fluid volume in the pipelines, internal 
pump, etc. The total mass m is the combination of the mass of the hydraulic cylinder mh and the mass of the lifted structure mt, i.e., m =

mh + mt . The external force Fext is the component force of the gravity of the preassembly in the zb-direction, which is approximated by 
Fext ≊ mgcosθcosφ. Additionally, we know that Fh = PA. 

2.3. Problem statement 

The mating operation depends on the relative motion between the spar top and tower bottom, i.e., the relative velocity and relative 
displacement. The influences are twofold. First, the relative velocity determines the impact velocity and impact force between the 
structures. The mating flange and guiding pins could be damaged when the impact velocity is higher than the limits. Second, the 
success rate is decided by the relative displacement. The possibility of a successful plugin enhances with reduced relative displacement. 
Hence, an automated hydraulic heave compensator is introduced to reduce the relative motion. 

A variable-displacement-controlled hydraulic cylinder is responsible for controlling the vertical motion of the preassembled wind 
turbine in {b} by controlling the input u. We assume that the real-time position and orientations of the catamaran and the spar have 
been well measured. 

There are two steps in the operation, i.e., lowering and mating. The preassembly should be lowered to the foundation slowly at time 
instant ts to achieve the final mating operation. Additionally, the control objective of the mating operation is to control the relative 
motion between the tower bottom and the spar top mating point along the zn-axis at a constant distance by commanding the hydraulic 
cylinder motion, that is, to make h(t) converge to hr(t) by applying approximate control effort on the input u, where hr(t) is the time- 
varying reference length of the cylinder. 

3. Control system design 

3.1. Trajectory planning module 

In the process, the heave compensator should not only cancel the relative motion between the spar top and preassembly bottom but 
also slowly lower the preassembly to the spar foundation. Hence, the trajectory planning is categorized into two parts, i.e., the lengths 
of the cylinder to control the lower operation hd1 and to compensate the relative motion between the spar top and tower bottom hd2. 

The lowering operation starts up at time instant ts, i.e., 

hd1(t)=
{

hd0, if ​ t < ts,

0, if ​ t ≥ ts,
(11)  

where hd0 is the safety length of the pump before the lowering operation. 
From Eq. (2), the desired length of the hydraulic piston for a successful mating operation is received from 

hd2(tk)= [0, 0, 1]
[
pb

h − R⊤(ps(tk) − pv(tk))
]
. (12) 

A reference model is used to generate smooth trajectories hrj(t) and ḣrj(t) for a series of desired lengths hdj, j ∈ {1,2}. The transfer 
function is given by 

hrj

hdj
(s)=

ω3
rj(

s + ωrj
)(

s2 + 2ζrjωri + ω2
rj
), j ∈ {1, 2}, (13)  

Z. Ren et al.                                                                                                                                                                                                             
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where ζr denotes the damping ratio and ωr is the frequency. Select ζr = 1 to ensure critical damping. The higher the ωr is chosen, the 
faster the tracking dynamics will be. A reasonable ωr1 should be smaller than ωr2. The overall reference signal becomes hr(t) = hr1(t)+
hr2(t). 

3.2. Control design 

Since the bulk modulus of different kinds of fluid is always at a 109 N/m2 level and Vh is normally less one 10 m3, the high value of β
Vh 

results in very fast pressure dynamics in (10c). The control algorithm requires very high and fast control efforts, which is practically 
impossible. Singular perturbation theory is useful to transfer a multiple-time-scale process into low-order models by dividing the 
system into a slow model and a fast model. 

Since the vessel pitch and roll motions are limited, we assume that Fext = F0 + b, where F0 = mg is known and b is a constant 
unknown bias representing unmodeled dynamics. We assume b is constant; however, in practice, it will be slowly varying. Define three 
error states as e1 := h − hr(t), e2 := ė1 = v − ḣr(t), and e0 = ξ − ξ∗, where ξ :=

∫ t
t0 h(τ) − hr(τ)dτ is an integral action state and ξ∗ is the 

unknown equilibrium for the integrator. Since P = 0 is obviously not the equilibrium point, another state P̃ = P − P∗(t) is defined to 
denote the error between the real-time pressure P and the equilibrium pressure to compensate the payload’s gravity P∗(t). The error 
dynamic model is then transferred to the following form 

ė0 = e1 (14a)  

ė1 = e2 (14b)  

ė2 = −
d
m

(

e2 + ḣr

)

+
A
m

(
P̃+P∗

)
+

F0 + b
m

− ḧr (14c)  

ε ˙̃P= − A
(

e2 + ḣr

)

− cl

(
P̃+P∗

)
+ u − εṖ∗

, (14d)  

where (14a)–(14c) is the slow model and (14d) is the fast model, and ε = Vh
β . Let 

u= u0 + εṖ∗
, (15)  

where we will later show that Ṗ∗
(t) is a known signal based on the reference signals. 

Since this is a system with a two time scale behavior for ε small [35–37], let the fast time scale be tf = t/ε and define x′

:= dx
dtf =

dx
dt

dt
dtf = εẋ. This gives the hydraulic system in the fast time scale, 

e
′

0 = εe1 (16a)  

e′

1 = εe2 (16b)  

e′

2 = ε
[

−
d
m

(

e2 + ḣr

)

+
A
m

(
P̃+P∗

)
+

F0 + b
m

− ḧr

]

(16c)  

P̃
′

= − A
(

e2 + ḣr

)

− cl

(
P̃+P∗

)
+ u0. (16d) 

The fast response of P̃ from (16d) is approximately described by the boundary layer system in Eq. (16d) for ε = 0, where (e1
′

,e2
′

,e3
′

)

= 0. When in equilibrium, we require that (e1, e2, e3) = 0 and P̃ = 0. However, P∗ is unknown yet. Setting P̃
′

= 0 in (16d), the desired 
steady-state solution P̃ to the boundary layer system becomes 

P̃=
1
cl

[

− A
(

e2 + ḣr
(
εtf

)
)

+ u0

]

− P∗
(
εtf

)
= : ρ1

(
e, u0, εtf

)
, (17)  

where e = [e0, e1, e2]
⊤
∈ R3. Equation (17) is substituted into (14a)–(14c) to get the reduced system ė0 = e1, ė1 = e2, and 

ė2 =ϒu0 +Ψ(e, t) +
b
m
, (18)  

where ϒ = A
mcl 

is a positive constant (assuming that cl is a known constant) and 

Ψ(e, t)= −

(
d
m
+Aϒ

)(

e2 + ḣr(t)
)

+
F0

m
− ḧr(t). (19) 

Z. Ren et al.                                                                                                                                                                                                             
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In order to render the origin (e1, e2, e3) = 0 uniformly globally exponentially stable (UGES) for the reduced system, the control u0 is 
assigned as 

u0 =
1
ϒ
( − Ψ(e, t) − c0ξ − c1e1 − c2e2) =: ρ2(e, t), (20)  

where c0, c1, and c2 are positive constants. 
For u0 = ρ2(e, t) we inject (20) back into (17) and get the updated boundary layer solution ρ(e, t) := ρ1(e, ρ2(e, t), t) according to 

ρ(e, t)= 1
cl

[

− A
(

e2 + ḣr(t)
)

−
1
ϒ
(c0e0 + c1e1 + c2e2)+

1
ϒ
(− Ψ − c0ξ∗)

]

− P∗(t). (21) 

Since (21) is the solution to P̃
′

= 0, calculating P̃ = ρ(e, t) = 0 with e = 0 results in the equilibrium pressure 

P∗(t)=
1
A

[

dḣr(t) − F0 +mḧr(t) − mc0ξ∗
]

, (22)  

and from this the needed Ṗ∗
(t) becomes 

Ṗ∗
(t)=

1
A

[

dḧr(t) +mḣr(t)
]

. (23) 

Substituting (22) into (21) yields 

ρ(e) : = −
1
A

Ce= ρ(e, t), (24)  

where C = [mc0,mc1,mc2 − d]. 
Defining y := P̃ − ρ(e) and inserting (22) and (24) into (14a)–(14c), the resulting error dynamics becomes 

ė0 = e1, (25a)  

ė1 = e2, (25b)  

ė2 =
A
m

y − c0e0 − c1e1 − c2e2, (25c)  

where we recognized ξ∗ as b
c0m. In vector form, after substituting (15), (20), and (22) into (14), the closed-loop hydraulic system (25) 

and (14d) is put into the standard form of singularly perturbed systems [31], 

ė=A0e+B0y=A0e+B0

(
P̃ − ρ(e)

)
= : f

(
e, P̃

)
, (26a)  

ε ˙̃P= − cly= − cl

(
P̃ − ρ(e)

)
= : g

(
e, P̃

)
. (26b)  

where 

A0 : =

⎡

⎣
0 1 0
0 0 1

− c0 − c1 − c2

⎤

⎦, B0 : =

⎡

⎢
⎢
⎢
⎣

0

0
A
m

⎤

⎥
⎥
⎥
⎦
. (27)  

Theorem 1. Let the control gains c0, c1, c2 and parameter λ > 0 be selected to satisfy the conditions:  

• The matrix A0 is Hurwitz and the Lyapunov equation holds, i.e., ΓA0 + A⊤
0 Γ = − λI3×3, where Γ = Γ⊤ > 0.  

• The parameter ε = Vh
β satisfy 0 < ε < ε∗ with 

ε∗ = λmcl

λ
⃒
⃒mc2 − d

⃒
⃒+ 2

⃒
⃒CA0

⃒
⃒Γ3|∞

, (28)  

where Γ3 is the 3rd column of Γ. 
Then the control law (15) and (20) will render the origin (e, P̃) = (0, 0) of (26) globally exponentially stable. 

Proof. To apply Lemma 1 to prove the system stability, all five conditions should be satisfied. Two Lyapunov function candidates are 
chosen as V(e) = e⊤Γe and W(y) = 1

2y
2. Following Lemma 1, their time derivatives are given by 
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∂V
∂e

f (e, ρ(e))= e⊤
(

ΓA0 +A⊤
0 Γ

)

e= − λ
⃒
⃒
⃒
⃒e|

2
, (29)  

∂W
∂y

g(e, y+ ρ(e))= − cl

⃒
⃒
⃒
⃒y|

2
. (30) 

The equality in (29) holds by the Lyapunov equation. Hence, Condition 1 and 2 in Lemma 1 hold with α1 := λ, ψ1(x) := |e|, α2 :=

cl, and ψ2(y) := |y|. For Condition 3, the bounding functions are simply chosen as W1 = W2 = W. Since y+ ρ(e) = P̃, Condition 4 holds 

with β1 := 2 A
m

⃒
⃒
⃒
⃒Γ3|∞, such that 

∂V
∂e

[f (e, y+ ρ(e)) − f (e, ρ(e))] = 2e⊤ΓB0y ≤ β1|e||y|. (31) 

Since ∂W
∂e = 0, substituting (24) into Condition 5 yields 

[
∂W
∂e −

∂W
∂y

∂ρ
∂e

]

f (e, y+ ρ(e))= − y ∂ρ
∂e (A0e+B0y)= y C

A

(

A0e+B0y
)

≤
|CA0 |

A

⃒
⃒
⃒
⃒e
⃒
⃒
⃒
⃒

⃒
⃒
⃒
⃒y
⃒
⃒
⃒
⃒+

⃒
⃒
⃒
⃒c2 −

d
m

⃒
⃒
⃒
⃒

⃒
⃒
⃒
⃒y|

2

= β2ψ1(x)ψ2(y)+ γψ2
2(y),

(32)  

where β2 :=
|CA0‖

A and γ :=

⃒
⃒
⃒
⃒c2 − d

m

⃒
⃒
⃒
⃒. Hence, Condition 5 holds. All conditions hold globally for De = R3 and DP̃ = R. After substituting 

the calculated α1, α2, β1, β2, and γ, ε∗ is calculated as in Lemma 1 according to (28). It follows from [31] that V (e,P̃) = (1 − δ)V(e)+
δW(y), with a proper choice of δ > 0, is a quadratic Lyapunov function for (26), proving that the origin (e, P̃) = (0, 0) is globally 
exponentially stable. 

Remark 1. In Eq. (28), ε∗ is determined by the control gains C, λ, m, d, and cl. When c0, c1, and c2 are selected, ε∗ increases with 
increasing cl. The leakage, which occurs in any hydraulic systems, influences the equilibrium stability and cannot be avoided [38]. 

Remark 2. Considering Vh = Vh0 + Ah, the system is stable when the length satisfies h ≤
βε∗− Vh0

A . 

Remark 3. If we instead impose a setpoint regulation control problem, the desired trajectory hr is set constant and its derivatives 
become zero, i.e., ḣr = ḧr = 0. Considering also that F0 = mg, then (19) becomes 

Ψ(e2)= −

(
d
m
+Aϒ

)

e2 + g. (33) 

Inserting this into (18), we get 

ė2 =ϒu0 −

(
d
m
+Aϒ

)

e2 + g +
b
m
, (34) 

Fig. 5. The influence of the selected a and ωn to ε∗ in our case study. The maximum value of ε, in our case, is shown as the flat surface. For large 
values of both a and ωn, where ε > ε∗, we notice that the control gains will invalidate the stability conditions of Theorem 1. 
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where ϒ and d
m + Aϒ are positive gains. It follows that a classical PID control 

u0 = − c0e0 − c1e1 − c2e2, (35)  

by carefully tuning the PID gains, is sufficient to render the origin (ẽ, P̃) = (0, 0) exponentially stable, where the constant bias in g+ b
m 

will be compensated by the integrator. 

Remark 4. The characteristic polynomial corresponding to A0 in (27) is s3 + c2s2 + c1s+ c0. Let a desired closed-loop be given by (s +

a)(s2 + 2ξωns + ω2
n), where a > 0 is a desired real pole, ξ > 0 is a damping gain, and ωn is a natural frequency. Matching these 

polynomials gives c0 = aω2
n , c1 = 2aξωn + ω2

n , and c2 = a+ 2ξωn. Choosing critical damping ξ = 1.0, as well as λ = 1.0, we investigate 
how the bound ε∗ varies with different values of (a,ωn). This is shown in Fig. 5, for our case study, where it is seen that (28)reaches a 
maximum value of ε∗ ≈ 5.24 ·10− 9 at (a,ωn) ≈ (1.1,1.1), whereas we have approximately ε = Vh

β ∈ [0.25, 0.445] ·10− 9, shown as the 
flat surface in Fig. 5. This indicates that a sufficiently large range of feasible values for a and ωn can be chosen while maintaining 
stability. 

4. Simulation 

4.1. Overview 

The simulation is conducted in MATLAB/Simulink using MSS [39] and MarIn [40] toolboxes. The main parameters are summarized 
in Table 1. The lowering operation starts at 300 s. The proposed control system has been verified in the environmental conditions with 
significant wave height Hs = {1,2,3, 4,5, 6} m, wave period Tp = {4,6,8, 10,12} s, and wave direction βwave = {0,45,90} deg. In the 
first 300 s, the AHC compensates for the wave-induced relative displacement between the spar top and tower bottom with a constant 
distance. The lowering operation starts at 300 s. After reaching the mating height, the relative distance between the spar top and tower 
bottom is zero. 

The coefficient ωr1 is tuned to make the lowering operation last for approximately 1 min. In our case study, ωr1 = 0.1 and ωr2 = 80. 
The control gains are selected as (c0, c1, c2) = (55,13,75), corresponding to a = 3, ξ = 1, and ωn = 5. 

4.2. Simulation results 

The controller effectively reduces the relative motion between the tower bottom and spar top. The time-domain simulation results 
are presented in Figs. 6 and 7. 

From the simulation results, the trajectory planning module succeeds to generate a smooth trajectory in the entire process. From 
Fig. 6(a), the effects on the catamaran caused by the reacting force from the hydraulic system are small. The error between the real- 
time length and the reference signal remains within 0.05 m. The oscillation can be reduced by increasing the value |λ| to achieve higher 

Table 1 
Selected parameters in the simulations.  

Parameter Unit Value 

Catamaran length overall m 144 
Catamaran molded breadth M 60 
Catamaran draft M 8.0 
Displacement mass of the catamaran Kg 1.85029e7  
Vertical COG above baseline M 28.6 
OWT rated power mW 10 
Preassembly weight mt  Kg 1.2e6  
Hub height M 115 
Diameter of the spar at top M 9.5 
Diameter of the spar at waterline M 14 
Spar draft M 96.3 
Vertical position of COG M − 51.8 
Displacement mass of the spar Kg 1.4906e7  
Vertical position of fairlead M − 15 
Vertical position of mating point M 20 
Vertical center of gravity above keel M 24.2 
Vertical center of buoyancy above keel M 47.3 
Cylinder cross-section area A m2  0.39 

Bulk modulus β – 2e9  
Fluid leakage coefficient cl  – 1e-7 
Mass of the hydraulic piston mh  kg 1e3  
Friction coefficient d Ns/m  1e5  
Volume of fluid in the pipeline V0  m3  0.5  
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gains, which thus means more expensive equipment. The improvement to the relative velocity of the AHC is remarkable, as shown in 
Fig. 6(b). For the scenario with AHC, the relative velocity is normally less than 0.03 m/s, except the period 300–360 s. Since the AHC 
manages to cancel most relative velocity before 300 s and after 360s, it is easy to summary that the reason for the augment is the 
velocity used for the lowering operation. Using the proposed control system, the hydraulic cylinder follows the path well, as shown in 
Fig. 6(c). It is noticed from Fig. 6(d) that the control input is smooth and slowly varying. 

The scenario in Fig. 7 is more critical than that in Fig. 6 due to the larger relative motion between the tower bottom and spar top. 
Even if the compensator lifts the preassembly onto the spar smoothly, there exist growing oscillations in the tracking error resulting 
from the increasing vessel motion; see Fig. 7(b). It is easy to show that the natural frequency of the vessel is higher than that of the spar 
foundation. Hence, the high-frequency motions result in inferior control accuracy. 

4.3. Sensitivity study 

The STDs and percentage reduction of a number of simulation results are presented in Fig. 8. In the figure, the bars denote the STD 
of the relative motion and the lines denote the motion percentage reduction. Each color block means a bar from zero to the top of the 
color block, i.e., the height of a color block denotes the additional values compared with that of its former wave height. The AHC 
succeeds to cancel the relative motion between the spar foundation and the assembly bottom. It decreases the relative displacement by 

Fig. 6. Time-domain simulation results: (a) positions of the tower bottom and spar top; (b) relative displacement and velocity between the tower 
bottom and spar top; (c) path following performance of the hydraulic cylinder and the error between h and hr ; (d) control input u. (Hs = 1 m, Tp = 6 
s, and βwave = 0 deg.) 
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more than 95% and the relative velocity by more than 93% in most scenarios. When the relative motion is limited, for example Tp = 4 s, 
the percentage of relative motion compensation is smaller. 

Comparing each group of bars indexed by “P” and “A” in Fig. 8, the STD of both the relative displacement and relative velocity 
increase with Hs in the scenarios without AHC. The wave period Tp has a larger influence on the relative motion. The relative motion 
between the spar top and tower bottom is the superposition of the wave-induced spar motion and vessel motion. Among the 12 DOF 
motions, the pitch motion of the catamaran and heave motion of both the catamaran and spar are important. The heave natural periods 
of the catamaran and the spar are approximately 6.5 s and 17.5 s, respectively. The roll and pitch natural periods of the catamaran are 
9.1 s and 7.9 s, respectively 18. The amplitude of the wave-induced pitch and heave motions for the vessel and spar foundation increase 
when the wave period is close to their corresponding natural frequencies. More details of the system dynamics analysis could be found 
in 18. 

However, the system capacity is limited by the physical design of the hydraulic system. As the maximum relative motion increases 
according to the significant wave height, the control system will start to struggle. It is not practical for the AHC to work under all sorts 
of environmental conditions when the amplitude of the relative motion surpasses the hydraulic cylinder length limitation. Therefore, 
planning and analysis should be conducted before practical operations. 

Fig. 7. Time-domain simulation results: (a) positions of the tower bottom and spar top; (b) relative displacement and velocity between the tower 
bottom and spar top; (c) path following performance of the hydraulic cylinder and the error between h and hr ; (d) control input u. (Hs = 2 m, Tp = 10 
s, and βwave = 45 deg.) 
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5. Conclusions 

The automated wind turbine assembly installation approach is studied using a catamaran and an active hydraulic heave 
compensator. The fully coupled model is built in the MATLAB/Simulink environment. The trajectory planning module and control 
algorithm are developed. Two sections are included in the trajectory planning module for the hydraulic cylinder, i.e., to compensate for 

Fig. 8. The standard derivation (bars) and percentage reduction (lines with markers) of the relative displacement and relative velocity between the 
spar top and tower bottom, w.r.t., Hs = {1,2, 3, 4,5} m, TP = {4,6, 8,10,12} s, βwave = {0,45,90} deg (P - passive, A - active). 
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the relative motion and to lower the preassembly. The control algorithm is designed according to singular perturbation theory. 
Simulation results show that the AHC greatly reduces the relative motion and relative velocity between the tower bottom and spar top 
in various sea states by controlling the hydraulic system. Verified by a sensitivity study, more than 95% and 93% relative displacement 
and relative velocity are reduced, respectively, in most scenarios. Hence, the AHC significantly broadens the operation window, 
improves the successful mating rate, and enhances the installation efficiency. 
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